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Abstract--A theoretical model is developed to predict the critical heat flux (CHF) limit for saturated pool 
boiling on the outer surface of a heated hemispherical vessel. The model considers the existence of a micro- 
layer underneath an elongated vapor slug on a downward facing curved heating surface. The micro-layer 
is treated as a thin liquid film with numerous micro-vapor jets penetrating it. The micro-jets have the 
characteristic size dictated by Helmholtz instability. Local dryout is considered to occur when the supply 
of fresh liquid from the two-phase boundary layer to the micro-layer is not sufficient to prevent depletion 
of the liquid film by boiling. A boundary layer analysis, treating the two-phase motion as an external 
buoyancy-driven flow, is performed to determine the liquid supply rate and thus the local critical heat flux. 
The model provides a clear physical explanation for the spatial variation of the CHF observed in exper- 
iments and for the weak dependence of the CHF data on the physical size of the vessel. Copyright © 1996 

Elsevier Science Ltd. 

INTRODUCTION 

In recent years, the concept of external passive cooling 
of core melt in the lower head of a reactor vessel by 
cavity flooding, has been considered a viable strategy 
for severe accident management. In this concept, 
water is made available on the bottom side of the 
reactor vessel by flooding the reactor cavity during a 
severe core-meltdown accident. As the lower head is 
heated by the pcot of core melt resulting from the 
accident, the decay heat generated in the melt is 
removed from the external bottom surface of the reac- 
tor vessel by boiling of the water in the flooded cavity. 
If this mode of passive cooling is effective in the post- 
accident stage, then thermal failure of the reactor ves- 
sel can be prevented and the radioactive core melt can 
be retained within the reactor vessel. The feasibility of 
the cavity-flooding concept depends, however, heavily 
on the critical heat flux distribution on the external 
bottom surface of the reactor vessel. 

For the case in which the critical heat flux (CHF) 
is higher than the local heat flux from the core melt, 
nucleate boiling will be the prevailing mode of heat 
transfer and the vessel wall can be maintained well 
below the failure temperature of the vessel. On the 
other hand, if the', local heat flux from the core melt 
exceeds the CHF limit, then transition to film boiling 
might occur and the integrity of the reactor lower 
head could be severely jeopardized. Note that as vapor 
bubbles grow and depart from the heating surface, 
they tend to flow upward along the external bottom 
surface of the w:ssel. This results in a two-phase 

liquid-vapor boundary layer, driven by buoyancy 
under the influence of gravity, along the downward 
facing curved heating surface. The formation of the 
two-phase boundary layer, which is a direct conse- 
quence of vapor generation, may in turn affect the 
boiling process and the local CHF limit. In spite of its 
practical importance, very little is known about the 
critical heat flux on a downward facing curved heating 
surface with the presence of a two-phase boundary 
layer. 

The mechanism responsible for the occurrence of 
CHF in pool boiling has been the subject of extensive 
investigation and debate in the past several decades 
[1, 2]. Kutateladze [3] was the first to propose the 
analogy between the flooding phenomenon and the 
CHF condition. This analogy was first mentioned by 
Bonilla and Perry in 1941 as reported by Zuber [4], 
but it appears that Kutateladze was the first to pursue 
the idea. He used dimensional analysis to derive an 
expression for the critical heat flux. 

Zuber [4] developed a hydrodynamic CHF model 
based on Taylor wave motion and Helmholtz insta- 
bility. He assumed burnout to be attained when the 
interface of the large vapor columns leaving the sur- 
face became Helmholtz unstable. The vapor columns 
were separated from each other by a distance equal to 
the most dangerous Taylor wavelength. An expression 
for the critical heat flux similar to the one proposed 
by Kutateladze [3] was obtained by Zuber [4]. Some 
refinements of Zuber's model were made by Lienhard 
and Dhir [5], which resulted in a slightly different 
value for the constant coefficient. 
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NOMENCLATURE 

surface area occupied by the micro- 
vapor jets underneath an elongated 
vapor slug 
total heating surface area underneath 
an elongated vapor slug 
universal constant, equation (17) 
entrainment coefficient, equation (42) 
latent heat of vaporization 
liquid entrainment velocity, equation 
(20) 
dimensionless liquid entrainment 
velocity, equation (30) 
dimensionless length scale ratio, 
equation (31) 
local critical heat flux at any location 
0 
dimensionless local critical heat flux, 
equation (23a) 
nucleate boiling heat flux at any 
location 0 
radius of the hemispherical vessel 
axial velocity of the vapor phase in the 
two-phase boundary layer 
axial velocity of the liquid phase in the 
two-phase boundary layer 

Ug dimensionless axial velocity of the 
vapor phase, equation (23c) 

Ut dimensionless axial velocity of the 
liquid phase, equation (23d) 

Vg vertical velocity of the micro-vapor jets 
in the micro-layer, equation (1) 

v~ vertical velocity of the liquid film in 
the micro-layer, equation (2). 

Greek symbols 
local void fraction of the two-phase 
boundary layer 

6 local thickness of the two-phase 
boundary layer 

6,1 thickness of the micro-layer under an 
elongated vapor slug, equation (9) 

A dimensionless local boundary layer 
thickness, equation (23b) 

"~H Helmholtz wavelength, equation (4) 
pg vapor density 
p~ liquid density 
o surface tension 
0 angular position from the bottom 

center of the hemispherical vessel. 

Lienhard and Hasan [6] used the mechanical energy 
stability criterion to predict the CHF in pool boiling. 
They considered the boiling system to be in stable 
equilibrium when the change in the system energy was 
equal to or less than zero. For nucleate boiling, this 
implies that the mechanism of vapor removal remains 
stable as long as the net mechanical energy transfer to 
the system is negative. Violation of this condition 
marks the occurrence of CHF. Using this principle, 
Leinhard and Hasan were able to show that the results 
of their analysis were consistent with Zuber's model. 
They also showed that their model eliminated the need 
for information on the Helmholtz unstable wave- 
length. However, this was replaced by the need for 
information on the bubble departure diameter cor- 
responding to the breakup of the vapor column. 

Haramura and Katto [7] postulated that a liquid 
film existed underneath each vapor bubble growing 
on the heating surface. The vapor bubble hovered 
over a number of small jets that supplied the bubble 
with vapor mass, leading to a timely growth of the 
bubble until it was pulled upward away from the sur- 
face by buoyancy. The bubbles were arranged in a 
rectangular array with a spacing equal to the most 
dangerous Taylor wavelengths whereas the liquid film 
thickness was one-fourth of the Helmholtz wave- 
length. Burnout was assumed to take place when the 
liquid film underneath the vapor bubble evaporated 

completely before the departure of the bubble. An 
expression similar to the one by Zuber [4] was derived 
for the CHF, with the constant coefficient being 
replaced by a function of the area ratio of the vapor 
jets to the heating surface. 

In all the existing CHF models, the critical heat 
flux was treated constant and uniform over the entire 
heating surface. Thus far, no attempt has ever been 
made to predict the spatial variation of the critical 
heat flux. While the assumption of a uniform critical 
heat flux is a good approximation for upward facing 
surfaces, it is not a valid assumption for downward 
facing surfaces. In the latter case, a two-phase bound- 
ary layer flow is likely to be induced by the boiling 
process owing to the downward facing orientation 
of the heating surface. With the development of a 
boundary layer flow, the local critical heat flux could 
be substantially modified by the flow, thus leading to 
a significant spatial variation of the CHF values along 
the heating surface in the flow direction. Conceivably, 
none of the existing CHF models is applicable to pool 
boiling on a downward facing heating surface. It 
should also be noted that correlations for the 
maximum pool boiling heat flux have been restricted 
to the geometrically averaged CHF value for the heat- 
ing objects, as summarized by Carey [2]. The reported 
data on the spatial variation of  CHF are limited to 
those by Cheung and Haddad [8, 9], Haddad, Liu and 
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Fig. 1. Schematic of the micro-layer underneath an elongated 
vapor slug. 

Cheung [10], EI-Genk and Glebov [11], and Theo- 
fanous et al. [12]. 

BACKGROUND 

Subscale boundary layer boiling (SBLB) exper- 
iments were recently conducted by Cheung and Had- 
dad [8, 9] and Haddad et al. [10] to observe the critical 
heat flux phenomenon and the two-phase boundary 
layer flow on the outer surface of a heated hemi- 
spherical vessel submerged in a large pool of water. 
In their experiments, the local wall heat flux was varied 
from 0.05 MW m 2 up to the vicinity of the local CHF 
limit. At these high-heat-flux levels, a cyclic vapor 
ejection process was clearly observed. Large and elon- 
gated vapor masses or slugs, being squeezed up against 
the vessel wall by the local buoyancy force, were found 
to grow periodically on the downward facing curved 
heating surface. They were then ejected violently 
upward in all directions. The ejected vapor masses 
carried away the local vapor bubbles but tended to 
by-pass those large vapor slugs growing on the heating 
surface in the downstream locations, resulting in a 
two-phase boundary layer flow. A close-up view of 
the vapor slugs revealed the existence of a thin liquid 
film, i.e., a micro-layer, underneath each elongated 
vapor slug. The small vapor masses that were gen- 
erated by boiling at numerous discrete locations on 
the heating surface were fed in a continuous manner 
to the large vapor slug through the liquid film in the 
micro-layer. These small vapor masses had the shape 
of micro-vapor jets similar to those depicted in Fig. 1. 
Apparently, it was the thin liquid film underneath the 
large vapor slug rhat prevented local dryout of the 
heating surface from occurring. 

Near the local CHF limit, the characteristic fre- 
quency of the vapor ejection cycle was found to be 
approximately 4 Hz. Thus the cycle duration was 
about 0.25 s. This value was similar to the one 

observed by Chu, Bentz and Simpson [13] on the outer 
surface of a heated torispherical vessel. Over 90% of 
this duration, the heating surface was covered by the 
vapor slugs. The waiting period was less than 10% of 
the cycle duration. High-speed photographic records 
indicated that the statistically averaged void fraction 
was very close to 0.915 as the CHF limit was 
approached. The overall two-phase boundary layer 
flow configuration was similar to the one depicted in 
Fig. 2. At the bottom center of the vessel, only a single 
large elongated vapor mass having an aspect ratio (i.e. 
length-to-thickness ratio) of approximately four, was 
present in the local boundary layer region. However, 
in the downstream locations, two or three large vapor 
slugs could be present in the local boundary layer 
region at the same time. Upon departure, a vapor slug 
tended to flow around those that were growing on the 
heating surface in the downstream locations. The local 
boundary layer thickness increased considerably from 
the bottom center to the upper edge of the heated 
vessel. No apparent changes in the vapor dynamics 
and cyclic ejection process were observed as the CHF 
point was attained. The vapor/liquid morphology and 
the local flow behavior were essentially the same 
throughout the high-heat-flux regime up to the CHF 
point, although the characteristic frequency of the 
vapor ejection cycle tended to increase with the heat 
flux level. Clearly, the CHF point is a continuation of 
the nucleate boiling region and simply represents the 
upper limit of the high-heat-flux regime. Throughout 
the entire high-heat-flux region including the CHF 
point, nucleate boiling is subject to Helmholtz insta- 
bility. 

THEORETICAL MODELING 

Most existing hydrodynamic CHF models were 
developed primarily for upward facing surfaces. The 
critical heat flux was treated as a peculiar point that 
was different radically from the nucleate boiling 
regime. Helmholtz instability was assumed to act on 
the CHF point only, causing a sudden collapse of the 
vapor removal path. The validity of these con- 
ventional models for downward facing surfaces is 
highly skeptical. The nucleate boiling phenomenon 
on the outer surface of a heated hemispherical vessel 
observed by Cheung and Haddad [8, 9] and Haddad 
et al. [10] clearly indicated that throughout the entire 
high heat flux regime, nucleate boiling was subject 
to Helmholtz instability with cyclic ejection of large 
elongated vapor masses or slugs from the downward 
facing curved heating surface. Underneath each vapor 
slug was a micro-layer consisting of a continuous 
liquid film with numerous micro-vapor jets pen- 
etrating it. The size of the micro-jets was dictated by 
Helmholtz instability. The CHF limit was reached as 
a result of insufficient supply of liquid from the two- 
phase boundary layer to the micro-layer, leading to 
depletion of the liquid film, i.e. local dryout of the 
heating surface. In view of this, the CHF point is a 
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Fig. 2. Configuration of the two-phase boundary layer on the outer surface of a heated hemispherical 
vessel. 

continuation of the nucleate boiling region in the high- 
heat-flux regime. This important new feature is em- 
ployed in this study to develop an advanced hydro- 
dynamic CHF model for pool boiling on a down- 
ward facing hemispherical heating surface. 

Behavior of the micro-layer 
Figure 1 shows schematically the configuration of 

a micro-layer underneath an elongated vapor slug 
growing on a downward facing curved heating 
surface. The micro-layer consists of a continuous 
liquid film with numerous micro-vapor jets or stems 
penetrating it. The thickness of the liquid film, 6 m is 
the same as the length of the vapor stems. Under 
steady-state saturated boiling conditions, the mass 
flow rate of the vapor jets must be equal to the local 
rate of nucleate boiling, i.e. 

q~B A w 
pgvgAv = q'~nAw/hfg or Vg pghfg Av (1) 

where pg is the vapor density, Vg the vapor jet velocity, 
Av the surface area occupied by all the vapor jets, Aw 
the total heating area underneath the elongated vapor 
slug, q~B the local nucleate boiling heat flux and hfg 
the latent heat of vaporization. To satisfy continuity, 
the rate of liquid depletion of the micro-layer must be 
given by 

q~a A~ 
peve(Aw-- Av) = q~BAw/hfg or v¢ pehfg A w - A v  

(2) 

where pe is the liquid density and vt the velocity of the 
liquid in the micro-layer flowing vertically toward the 
heating surface. 

According to the Helmholtz instability [2], the rela- 
tive velocity between the vapor jets and the liquid film 
in the micro-layer is given by 

= F27c~(P, + pg) ]'/2 
Iv~--v~l [_ ;~.p~p~ J (3) 

where a is the surface tension and 2,  the Helmholtz 
wavelength. Rearranging the above equation, the 
Helmholtz wavelength can be expressed in terms of 
the relative velocity by 

= + Ivg-v~l =. 
Pg \ 

(4) 

For  the vapor jets to be hydrodynamically stable 
within the liquid film, the length of the jets should 
remain smaller than the Helmholtz wavelength. This 
implies that 

3m < 2,  o r  3m = C1/]-H (5) 

where C1 is a proportionality constant having a value 
less than unity. 

Assuming a value of 0.25 for Cj, Haramura and 
Katto [7] have shown that the micro-layer area ratio 
is a function of the density ratio of the fluid satisfying 
the following form : 

/pg\0 2 
Av 0 . 0 5 8 4 ~ )  . (6) 
Z -  

The above expression was found to match the con- 
ventional pool boiling data for water and R-113 very 
nicely, independent of the configuration of the heating 
surface. However, the liquid film thickness so pre- 
dicted (6m ~ 0.056 mm) was almost a factor of two 
smaller than the measured value (fro ~ 0.12 mm). This 
discrepancy was evidently due to the assumption of 
C1 = 0.25 which was somewhat arbitrary. To be 
general, the exact value of C~ will not be assumed in 
this study and the following expression will be 
employed in place of equation (6) 
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Aww- C2 (7) 

where C2 is treated as an unknown constant having a 
value much less than unity. 

For most fluids at moderate pressures, the density 
ratio is usually much less than unity, i.e. (Pg/Pe) << 1. 
It follows from equations (1), (2) and (7) that 

ve C2 (Pg/Pe) 1.2 
- .  <<  1 (8) 

vg 1 - c2 (pg/p<)O.2 

The above inquahty is valid since both (72 and pg/p< 
are much less than unity. Hence the relative velocity 
between the vapor jets and the liquid film is essentially 
the same as the vapor jet velocity itself. Combination 
of equations (1), (4), (5) and (7) gives 

~rn = C3ffPg( 1 + pg]{pg)O.4( hfg ~2 
P<.J\~J \-q~B,] (9) 

where Cs is a new constant equal to 2nC1C~. 

Occurrence of the ,!ocal CHF 
Referring to Fig. 1, the local rate of liquid supply, 

rhs, from the two-phase boundary layer to the micro- 
layer is given by 

&s = PtU~Am (10) 

where u< is the local liquid velocity in the two phase 
boundary layer and Am the net local flow area across 
the micro-layer. On the other hand, the local rate of 
depletion, rhd, of tlhe liquid film is given by 

md = q~BAw/hfg (11) 

where Aw is the heating surface area underneath the 
elongated vapor slug. Local dryout of the liquid film 
is considered to occur when the local rate of liquid 
supply becomes smaller than the local rate of liquid 
depletion. In other words, the local critical heat flux 
limit is reached when the liquid supply from the two- 
phase boundary layer to the micro-layer is not 
sufficient to prevent local boil-dry of the liquid film. 
From equations (10) and (11), an expression for the 
local critical heat flux, q~HF, can be obtained by setting 
&, equal to rh 0 and q~B equal to q~Hv, i.e. 

q~':HF = pehfgu¢(~ww) (12) 

where A m is now the net flow area across the micro- 
layer at the local CHF point. 

Assuming the characteristic length of the vapor slug 
to be f, the net flow a r e a  A m and the heating surface 
area Aw can be expressed by 

A m ~ ( ~ i m ) C H F ~  and A w ~ l  2 (13) 

where (rm)CHF is the thickness of the micro-layer at 
the local CHF point, i.e. at q~av. From the two-phase 
boundary layer flow observations by Cheung and 

Haddad [8, 9], the characteristic length d, is found to 
be proportional to the local two-phase boundary layer 
thickness, 60, in the bottom center region, i.e. 

E = C400 (14) 

where C4 is a constant having a value very close to 
four along the curved heating surface. Substituting 
equations (13) and (14) into equation (12), the fol- 
lowing expression is obtained for the local critical heat 
flux : 

q~HV = Pohfgul(~m)CHF/Ca~o (15) 

where additional proportionality constants from 
equation (13) have been absorbed in C4. 

As discussed earlier, the CHF point is a con- 
tinuation of the nucleate boiling region in the high- 
heat-flux regime. Helmholtz instability is acting upon 
the micro-layer throughout the entire high-heat-flux 
nucleate boiling regime including the CHF point. 
Hence, equation (9) should be applicable to the CHF 
limit. By setting q~B equal to q~HV, equation (9) 
becomes 

(~m)CHF ~ C30"Ps(1-1- pg~(pg~0.4( hfg ~2 (16) 

Substitution of equation (16) into equation (15) gives 

[O.UE ( ~( ~--1.6~1/3 
q~HF = Bpghfg P~0 1 + pg pg (17) 

PtJ\P¢,/ ] 

where B = (C3/C4) ~/3 is a new constant. Evidently, the 
local critical heat flux varies according to the 1/3 
power of the local liquid velocity. This local flow 
quantity, which is expected to increase significantly 
along the heating surface in the flow direction, will be 
determined by treating the two-phase boundary layer 
motion as an external buoyancy-driven flow. 

It should be noted that the dependence of the CHF 
limit on the local liquid velocity in the two-phase 
boundary layer given by equation (17) is similar to 
the one observed for forced convection boiling of the 
external flow type where the critical heat flux is pro- 
portional to the 1/3 power of the mass velocity of the 
ambient liquid flow [7]. This similarity clearly shows 
the rather unconventional features associated with the 
present boundary-layer-type pool boiling process. 
Although it is a pool boiling phenomenon, the process 
exhibits flow boiling characteristics. Physically, this is 
because of the formation of the two-phase boundary 
layer along the downward facing curved heating sur- 
face in the present pool boiling case. Owing to the 
effect of the two-phase boundary layer, the CHF 
phenomenon at a given downstream location exhibits 
the same characteristic behavior as the one observed 
for external flow boiling. 

Two-phase boundary layer analysis 
Figure 2 depicts the external buoyancy-driven two- 

phase boundary layer flow on the outer surface of a 
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hemispherical vessel. The vessel has a radius R and is 
heated from inside. The ambient liquid is saturated 
and quiescent, and the boundary layer motion is 
induced entirely by pool boiling of the saturated liquid 
on the vessel outer surface. To describe the boundary 
layer variables, an axisymmetric spherical coordinate 
system is employed. The radial and angular positions 
in the boundary layer are given by r and 0, respec- 
tively. The important length scales are the local heat- 
ing length RO and the local boundary layer thickness 
6, whereas the important velocity scales are the local 
liquid and vapor velocities, ut and Ug, respectively. The 
latter two quantities are defined for the local velocities 
in the direction parallel to the curved heating surface. 
Under the influence of gravity, the buoyancy force 
driving the two-phase motion is proportional to 
ct(pt--pg)gsinO, where ct is the local void fraction of 
the two-phase mixture and g sin 0 is the local accel- 
eration of gravity in the direction parallel to the heat- 
ing surface. 

According to Cheung and Epstein [14], the momen- 
tum relation for the vapor-liquid mixture in the two- 
phase boundary layer is governed by the following 
differential equation applicable to any location 0 
along the hemispherical heating surface : 

d 2 
dO { [pgNUg "Jr- pc(1 - c0u~]6 sin 0} 

= ~6Rg(pe-pg) sin 20-(Zw+Z~)RsinO (18) 

where rw and ~i are the wall and the interfacial shear 
stresses. These quantities are given by [14] : 

T w + "C i = 0 . 5 C f [ @ U g  --F (1  - -  ~)ue] [pgO~Ug + p¢ (1 -- e)ue] 

(19)  

where Cr is a friction coefficient having the value of 
O.005. 

A mass balance on the liquid phase across the thick- 
ness of the two-phase boundary layer at any location 
0 gives 

d 
~ [ (1  - ~)ut6 sin 0] = j~R sin 0 (20) 

where je is the net liquid velocity entrained from the 
ambient fluid into the two-phase boundary layer at 0. 
Physically, the quantity je represents the 'entrained' 
component of the liquid mass swept into the boundary 
layer by the two-phase motion, excluding the 'suction' 
component of the liquid mass due to liquid depletion 
by boiling on the heating surface. A detailed descrip- 
tion of the quantity j t  will be given in the Results and 
Discussion section. Similarly, a mass balance on the 
vapor phase across the thickness of the two-phase 
boundary layer under saturated boiling conditions at 
any location 0 gives 

d q~HF R sin 0 
~[~Ug6 sin O] pghfg (21) 

where in deriving the above expression, the local wall 

heat flux on the heating surface has been assumed 
equal to the local critical heat flux. This corresponds 
to the critical heating condition for which the local 
CHF limit is reached in all upstream locations on 
the outer surface of the hemispherical vessel. This 
situation gives rise to the maximum local vapor vel- 
ocity and boundary layer thickness that can possibly 
be attained at a given downstream location 0. Physi- 
cally, the use of q~.Hv in equation (21) is consistent 
with the notion that CHF represents the upper bound 
of the excellent state of nucleate boiling. Beyond this 
upper limit, dryout will occur on the heating surface. 

To close the governing system, an independent 
expression is needed for the relative velocity between 
the liquid and vapor phases. This is obtained by 
assuming that once the vapor mass departs from the 
heating surface, it would attain its terminal rise vel- 
ocity relative to the liquid phase in the two-phase 
boundary layer. It follows that [15] 

Ug = + 1.53F -agsin O(p'- &) T'4 
L p# J 

(22)  

where g sin 0 represents the local gravitational force 
tangential to the heating surface. As will be seen in 
the numerical solution, the relative velocity is impor- 
tant only in the upstream locations near the bottom 
center. In most downstream locations, the relative 
velocity is considerably smaller than the vapor and 
liquid velocities themselves. This is owing to the fact 
that the vapor generation rate is extremely high at the 
CHF limit, resulting in very large vapor and liquid 
velocities in the two phase boundary layer. Thus any 
errors associated with the relative velocity used in 
equation (22) will not materially affect the predicted 
boundary layer flow behavior. 

Inspection of equations (17)-(22) indicates that the 
following local boundary layer variables, namely, the 
dimensionless critical heat flux, QCHF, dimensionless 
boundary layer thickness, A, dimensionless vapor vel- 
ocity, Ug, and dimensionless liquid velocity, U~, can 
be introduced to simplify the governing system : 

1/4 ~1/3 
. Fag (p , -& ) l  ( . .  pg 

q~HF = Pgnrg / _--5 -/ /J  + QCHF 
L Pg J \ Pc) 

(23a) 

( 2 3 b )  

- [   _R2 
a -  Lg(p,.-p,)l \p4 a 

= (2 d) 
ut  L P~ J " 

In terms of the dimensionless local variables, equa- 
tions (17)-(22) can be written as 

QCHE = n(u?/mo)]/3 (24) 
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$[(l-o)C’,hsinR] =.I( : o”L;“2sin0 
0 

(26) 

$[aUzAsinO] = QcHFsinf3 (27) 

u,= f! 

0 

-0.4 

PC 
Cl,-- 1.53(L,2 sin0)‘14 (28) 

where 

sin@, = B0 and case = l-102. 0 2 0 (34) 

Substituting equation (34) into equation (33), the fol- 
lowing expression is obtained for ug,, 

In terms of the dimensionless quantities, equation (35) 
can be written as 

(36) 

where lJgO and (QcnF)o are the initial values of U, and 
QcHF at f3 = Bo. From equations (28) and (34), the 
dimensionless liquid velocity at B. is given by 

i-J& = Ei 0 -“.4 (QCHF)O e. 
PC 

~ - - 153L;‘28:‘4. 
xAo 2 

(37) 

Applying equation (24) at f3 = B. and using equation 
(37) an implicit relationship can be derived for A,. 
This is 

(30) 

Lb=1 d 
[ 1 

112 
R g@-p,) (31) 

Physically, the dimensionless parameter Lb represents 
the length ratio between the intrinsic bubble size and 
the vessel radius. 

Initial conditions and the universal constant 

It remains necessary to determine the initial value, 
Ao, for the dimensionless boundary layer thickness. 
This requires conl;iderations of the vapor mass that 
forms in the bottom center region of the heated vessel. 
Based upon the vapor dynamics observed in refs. [S, 
91, the aspect ratio of the vapor mass is very close to 
four, i.e. C, = 4 in. equation (14). The vapor velocity, 
ug,, at an initial location e. near the bottom center can 
be determined fro:m a mass balance, i.e. 

p,~,~a(27~R6, sin 0,) = k 
s 

*0 
q&2zR2 sin 0 de. 

rg 0 

(32) 

Since B. << 1, the local critical heat flux can be treated 
as a constant equal to (q&)o. An expression for up,. 
may thus be obtained by carrying out the integration 
in equation (32). The result is 

ug, = (kdO 1 - ~0s~~ 
;a[ sin0, l(g)- (33) 

For 0, << 1, it can be shown that 

(38) 

Assuming the boundary-layer flow quantities to be 
nearly constant over the bottom-center region where 
0 G (3 G 0, and that dA/dlI = 0 at 0 = e,, equation 
(25) can be integrated to give 

uU,20+ !s 0 
-0.2 

PC 
(1 -wz, 

cre: pg -0.2 

- 0 3 PL 
uUgO 

(39) 

where equation (34) has been employed in deriving 
the above equation. The value of A, can be determined 
iteratively from equations (36)-(39). Once A0 is 
known, equations (24)-(28) can be solved sim- 
ultaneously to determine the spatial variation of Qcm. 

The above formulation results in one universal con- 
stant that needs to be determined from experimental 
data. To do this, the vapor dynamic and the local 
CHF limit at 6 = B. observed in [S-lo] are employed. 
The criterion for the occurrence of the local CHF limit 
in the bottom center region is based on the depletion 
of the liquid film in the micro-layer before the depar- 
ture of the vapor mass from the heating surface. The 
mass of the liquid film is pc&,(A,- A,) whereas the 
total rate of nucleate boiling heat transfer is q&4,. If 
the duration of the vapor ejection cycle is At,, then 
local dryout would occur if qj;sA,At,/hfg becomes 
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equal to or larger than the mass of the liquid film. 
Thus the local CHF limit is given by 

1 
(qCHF)O -- A w A t f l P e ( ~ m ) C H F ( A w  - -  Av)hfg] 

--  Pthfg(~m)CHF (40)  
Atv 

where the term involving the area ratio has been 
ignored as Av/Aw << 1. Substituting equation (16) into 
equation (40) and rearranging, an expression for the 
universal constant can be derived. This is 

Atv ( 1 +  pg)-l(pg) 0,~(q~HF)0]3 
C3 - (rP<%~\ P</ \P</ L~J' 

(41) 

In refs. [8, 9], the duration Atv, was found to be 0.25 s 
whereas the local CHF limit was 0.4 MW m -2. Using 
the properties for water at one atmospheric pressure, 
i.e. a = 0.0588 N m -1, p< = 958 kg m -3, pg = 0.598 
kg m -3, and hfg = 2.257 MJ kg -1, the value of C3 is 
calculated to be 0.00079. It follows that the universal 
constant in equations (24) and (38) is given by 

n = ( C 3 / C 4 )  1/3 = 0 . 0 5 8 2  (42) 

where the value of C4 = 4 has been used. 

RESULTS AND DISCUSSION 

Spatial variation of the critical heat flux 
Equations (24)-(28) form a complete set of coupled 

equations governing the local variations of the critical 
heat flux, QCHF, the vapor and liquid velocities Ug and 
Ut, respectively, the boundary layer thickness, A, and 
the void fraction, ~. To solve this set of equations, 
however, input information is needed for the liquid 
entrainment rate, Je in equation (26). Unfortunately, 
no experimental evidence on the liquid entrainment is 
available to date. To circumvent this difficulty, it is 
postulated that the local void fraction in the two- 
phase boundary layer assumes a constant value as the 
CHF limit is approached on the heating surface. This 
postulation, which is consistent with the experimental 
observation of Cheung and Haddad [8, 9], will be 
justified from a theoretical point of view in the next 
section. By setting c¢ equal to 0.915 according to the 
experimental data of Cheung and Haddad [8, 9], equa- 
tion (26) which contains the liquid entrainment term, 
can be eliminated from the governing system. The 
remaining unknown quantities (i.e. QCHF, Uv Ut and 
A) can readily be determined from equations (24), 
(25), (27) and (28). 

Based upon the constant-void-fraction postulation, 
calculations of the local boundary layer flow quan- 
tities and the local CHF limits have been made over 
the range of 0 ~< 0 ~< 7r/2 for water. In these calcu- 
lations, the value of Lb has been set equal to 0.164, 
0.0164, 0.00164 and 0.000164, corresponding respec- 

1.2 

<1 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 
0 

L, =0.164 

L =o.ox64 

~ - ~ - - 0 . 0 0 1 6 4  

L b = 0.000164 

30 60 90 
0 

0.4 

. /  
0.3 L b = 0 . 0 0 0 ~  ~ 

~,~ 0.2 / Lb = 0.00164 

~ ~ , = o . o 1 6 4 °  ~ 
0.1 = . 

0.0 ~ , I a I , 
0 30 60 90 

0 

Fig. 3. Spatial variation of the local thickness of the two- 
phase boundary layer. 

tively to a diameter of 1.2 in (0.0305 m), 12 in (0.305 
m), 120 in (3.05 m), and 1200 in (305 m) for the heated 
hemispherical vessel under consideration. Results are 
shown in Figs. 3-6. For  all values of Lb, the boundary 
layer thickness increases considerably from the bot- 
tom center to the upper edge of the vessel (see Fig. 3). 
However, the dimensionless boundary layer thickness 
is a weak function of the physical size of the vessel. The 
size effect is important only when the vessel diameter is 
very small. The actual boundary layer thickness, on 
the other hand, is a strong function of Lb. For  
Lb < 0.05, however, 6 is almost inversely proportional 
to the square root of Lb. Thus for vessels larger than 
0.1 m in diameter, 6 would vary according to the 
square root of the vessel diameter, whereas A is essen- 
tially independent of the vessel size. 

The spatial variations of the vapor and liquid vel- 
ocities are presented in Figs. 4 and 5. For  all values of 
Lb, the vapor and liquid velocities increase by more 
than an order of magnitude from the bottom center 
to the upper edge of the vessel. The relative velocity 
between the liquid and vapor phases is on the same 
order of the vapor and liquid velocities when 0 is 
small. For  large values of 0, the relative velocity is an 
order of magnitude smaller than the liquid and vapor 
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Fig. 5. Spatial variation of the local liquid velocity in the 
two-phase boundary layer. 

velocities. The effect of L b is quite strong on u: and Ug, 
but very weak on the dimensionless quantities U: and 
Ug. For Lb < 0.05, both u: and Ug are almost inversely 
proportional to the square root of Lb. Thus for vessels 
larger than 0.1 m in diameter, ut and ug would vary 
according to the square root of the vessel diameter 
whereas Ut and U~ are essentially independent of the 
vessel size. 

Figure 6 shows the spatial variations of the dimen- 
sionless critical heat flux and the actual critical heat 
flux. Both QCHF and q~HF are weak functions of the 
size parameter L b for cases of L b equal to or less than 
0.0164. This clearlly demonstrates the fact that for 
heated vessels with diameters considerably larger than 
the characteristic bubble size, the critical heat flux is 
weakly dependent on the vessel size. As shown in 
equation (17), the local critical heat flux is given by 
the 1/3 power of ~:he ratio between the local liquid 
velocity and the local boundary layer thickness. For 
Lb < 0.05, both u: and 6 vary according to the square 
root of the vessel diameter. Thus the size effect on ue 
and 60 cancels ou'L and q~HF becomes almost inde- 
pendent of Lb. Note that the local critical heat flux 
increases by more than 100% from the bottom center 
to the upper edge of the vessel. This result is similar 
to the spatial variations of CHF observed exper- 

imentally by Cheung and Haddad [9], Haddad et al. 
[10] and Theofanous et al. [12]. However, it is opposite 
to the CHF variation observed by EI-Genk and Gle- 
bov [11]. Physically, this is because of the two-phase 
boundary layer flow effect, which was present in the 
experiments by Cheung and Haddad [9], Haddad et 
al. [10] and Theofanous et al. [12] but not present in 
the transient experiments by E1-Genk and Glebov 
[11]. In the latter case the heating surface was too 
small (~  50 mm) for a two-phase boundary layer to 
develop. For the downward facing heating surface 
under consideration, the local liquid velocity increases 
by more than an order of magnitude over the range 
of 0 ~< 0 ~< ~z/2. As a result, there is a large increase in 
the local liquid supply rate, resulting in a significant 
spatial variation of the critical heat flux. 

Liquid entrainment and the constant-void-fraction 
postulation 

The results presented in the previous section were 
based on the postulation that the local void fraction 
assumes a constant value as the CHF limit is 
approached on the heating surface. Although the con- 
stant-void-fraction postulation is consistent with the 
experimental observation of Cheung and Haddad [8, 
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Fig. 6. Spatial variation of the local critical heat flux on the 
heating surface. 

9], it is necessary to justify the postulation from a 
theoretical point of view. To do this, an expression is 
needed for the liquid entrainment je in equation (20). 
Experimental measurements of entrainment with tur- 
bulent gas jets having a density different than the 
ambient fluid have been performed by Ricou and Spal- 
ding [16]. They found that the entrainment velocity, 
j:, is proportional to the mean velocity uj of the jet as 
well as the square root of the ratio of the density pj of 
the jet to the density p~ of the ambient fluid, e.g. 

/ a. \1/2 
j, = Eou~(~) (43) 

where the proportionality constant E0 is the so-called 
'entrainment coefficient'. By extending the finding of 
Ricou and Spalding [16] to the two-phase boundary 
layer under consideration, the following expressions 
can be written : 

Uj = ~Ug+(1--OOU: and pj _ Ctpg+(1--~)p¢ 
P~ Pe sin 0 

(44) 

where the term sin 0 is included in the denominator of 
the density ratio to account for the downward facing 

orientation of the heating surface. Whereas the tur- 
bulent jets studied by Ricou and Spalding [16] are 
vertically oriented, the two-phase boundary layer 
under consideration is inclined along the heating 
surface. The component of the gravity force parallel 
to the flow is given by g sin 0. Physically the second 
expression in equation (44) represents the ratio of the 
body force acting on the two phase mixture to that 
acting on the ambient fluid. From equations (43) and 
(44), an expression for the liquid entrainment from 
the ambient fluid to the two-phase boundary layer can 
be obtained. This is 

, , Fc~pg + (1 - cOp,q':2 
J[ = Eo[°~Ug-~-(1--°~JugJ[[_ p:s~nO J " 

(45) 

The above expression can be viewed as the two-phase 
version of the expression proposed by Morton [17] 
for turbulent jets driven by buoyancy. A similar 
expression has also been employed by Cheung and 
Epstein [14] to study the behavior of a two-phase 
boundary layer on inclined fiat surfaces. Substituting 
equations (30) and (45) into equation (26), the fol- 
lowing dimensionless liquid continuity equation can 
be obtained : 

d 
d~[ (1  --  c¢) U:A sin O] 

= Eo sin I/2 o(Pg~°lLbl/2kp:/ LkPt/F (Pg~- °4~ Ug + ( 1 -  c¢) U~ ] 

j .  ( 4 6 )  

Calculations of the local boundary layer flow quan- 
tities and the local CHF limits have been made by 
solving equations (24), (25), (27), (28) and (46) for 
water, treating the local void fraction c~ as an unknown 
quantity. In these calculations, the value of Lb has 
been fixed at 0.0164, corresponding to a vessel diam- 
eter of 12 in (0.305 m), which is the same as the vessel 
size employed in the experimental work of Cheung 
and Haddad [8, 9]. Meanwhile, various values have 
been assumed for the entrainment coefficient by set- 
ting E0 equal to 0.116 C5, where C5 is a constant factor 
having a value varying from 0.5 to 1.0. The value of 
(75 = 1.0 (i.e. E0 = 0.116) has been used by Morton 
[17] for turbulent jets and by Cheung and Epstein [14] 
for two-phase boundary layer flows. In the present 
case, however, E0 is expected to be smaller than 0.116 
because of the configuration of the downward facing 
curved heating surface and the wall effect on liquid 
entrainment. For  all values of 0.5 ~< C5 ~< 1.0 
employed in the calculations, the local void fraction 
was found to be nearly constant over the length of the 
hemispherical heating surface. Results for two special 
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cases are presented in Fig. 7. For the case of 
E0 = 0.116 (i.e. C5 = 1.0), the local void fraction is 
bounded within +_ 2.5% of 0.892, whereas for the case 
of E0 = 0.0878 (i.e. C5 = 0.75) ~t is bounded within 
_ 0.5% of 0.915. These results clearly indicate that 
the constant-void-fraction postulation is a valid 
approach as it complies with the conservation of liquid 
mass, i.e. the liquid continuity equation. Based on the 
value of ~ = 0.915 observed in the experimental work 
of Cheung and Haddad [8, 9], the entrainment 
coefficient for the present two-phase boundary layer 
flow is determined ~Lo be E0 = 0.0878. 

Comparison with experiments 
The initial values of the boundary layer quantities 

employed in the present work are treated as constant 
throughout the bottom center region of the hemi- 
spherical vessel where 0 ~< 0 ~< 00. This treatment is 
consistent with the experimental observation of 
Cheung and Haddad [8, 9] where a single large elon- 
gated vapor mass was always found present in the 
bottom center region. For a given value of Lb,  the 
initial location 00 is determined by numerical iteration 
from equations (3611-(39). It is found that for Lb much 
less than unity 00 is a weak function of L b having a 
value approximately equal to 4.5 ° . This value is very 
close to the one obtained experimentally based on the 
observed vapor size at the bottom center. For the 
purpose of comparison, results obtained for 00 equal 
to 4 ° and 5 ° are shown in Fig. 8 along with the CHF 
data of Haddad et al. [10] from quenching exper- 
iments and Cheung and Haddad [9] from steady-state 
measurements. Relative to the case of 00 = 5 °, the 
CHF value predicted for the case of 00 = 4 ° is slightly 
higher. However, the differences are well within the 
scatter of the experimental data. More importantly, 
the same trend (i.e. the same spatial variation) is pre- 
dicted for the critical heat flux, independent of the 
initial location 00. ,Apparently, the CHF variation is 
not sensitive to the value of 00. In both cases, the 
predicted spatial variations of the critical heat flux are 

found to compare reasonably well with the exper- 
imental data. 

CONCLUSIONS 

A hydrodynamic CHF model has been developed 
for saturated pool boiling on the outer surface of a 
heated hemispherical vessel. The model represents the 
first attempt to discern the spatial variation of the 
critical heat flux in pool boiling. Based upon the 
results of this study, the following conclusions can be 
made : 

(1) For nucleate boiling on a downward facing 
hemispherical surface, there is a micro-layer under- 
neath each elongated vapor slug growing on the 
surface. Local dryout of the surface occurs when the 
local rate of liquid supply to the micro-layer becomes 
smaller than the rate of depletion of the liquid film by 
boiling. This critical condition determines the 
maximum wall heat flux corresponding to the local 
CHF limit. 

(2) One salient feature of the present problem is 
the formation of an external buoyancy-driven two- 
phase liquid/vapor boundary layer flow on the heating 
surface. Because of the two-phase boundary layer, the 
local rate of liquid supply increases significantly from 
the bottom center to the upper edge of the vessel, thus 
greatly enhancing the local CHF limit. This provides 
a physical explanation for the large spatial variation 
of the critical heat flux observed experimentally by 
Cheung and Haddad [8, 9] and Haddad et al. [10]. 
Evidently, for downward facing surfaces, the critical 
heat flux cannot be assumed uniform over the entire 
heating surface. 

(3) For hemispherical vessels with diameters con- 
siderably larger than the characteristic bubble size, 
both the local liquid supply rate and the local bound- 
ary layer thickness are approximately proportional to 
the square root of the vessel diameter. Since the critical 
heat flux depends only on the ratio of the liquid supply 
rate to the boundary layer thickness, the size effect 
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tends to cancel out altogether. As a result, the critical 
heat flux is almost independent of  the physical size of  
the vessel. 

(4) Based upon the argument that the liquid 
entrainment is proport ional  to the square root of  the 
ratio of  the body force acting upon the two-phase 
mixture to that on the ambient fluid, an analytical 
expression is obtained for the liquid velocity entrained 
from the ambient fluid to the two-phase boundary 
layer. Using this analytical expression in the liquid 
continuity equation, an approximately constant void 
fraction is predicted in the two-phase boundary layer 
as the C H F  limit is approached on the heating surface. 
This predicted result is consistent with the exper- 
imental observation of  Cheung and Haddad [8, 9]. 
Additional experimental evidence, however, is needed 
to confirm the range of  validity of  the liquid entrain- 
ment expression. 
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